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Abstract 

In this article we study D1-D3 (or D3) brane systems with generic 
constant electric and magnetic fluxes in IIB string theory. We work out 
all possible supersymmetric configurations and find out via T-duality 
all of them and corresponding supersymmetry conditions could be 
related to the supersymmetric intersecting Dl-Dl pairs. And we do 
D1-D3 (or D3) open string quantization for a class of configurations. 
We find that there are many near massless states in NS sector for 
near-BPS configurations. Furthermore we calculate open string pair 
creation rate in generic nonsupersymmetric configurations. 
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1 Introduction 



D-branes and anti-D-branes are nonperturbative objects in string theory, 
carrying RR charges. A single BPS D-brane preserve half supersymmetries 
in fiat spacetime. But if we put two different D-branes together, or let a 
D-brane be in a compact configuration, supersymmtry could be broken [H, [2]. 
One typical example is a Dp-anti-Dp system which breaks all the supersym- 
metries. However, it turns out that when one turns on the background fiux 
on the D-branes, the supersymmetries could be recovered. It is an inter- 
esting issue to look for these configurations. In [3], Mateos and Townsend 
found that if one turned on suitable gauge fluxes on tubular D2-brane, the 
system can be supersymmetric. This is so-called 'supertube'. The configu- 
ration could be taken as the blow-up of D-particles and has no net D2 brane 
charge. Effectively such system may be simplified to a D2-anti-D2 system 
with fiuxes[l]. This discovery led to a lot of study of supersymmetric Dp- 
(anti)-Dp system with background fluxes [SI El El IE]- In particular, it has 
been found even in Dp-anti-Dp system, the system could be supersymmetric 
if one turns on suitable fluxes. 

Another class of non-BPS brane configuration is Dp-Dq with p — p 7^ 
(mod 4). In particular, D0-D2 system is remarkable. The straightforward 
calculation of the D0-D2 open string spectrum shows that the ground state is 
tachyonic, which means that the system is unstable and non-BPS. However, 
it has been shown in [9] that D0-D2 system is actually dual to the (F1,D1) 
bound state. In fact, the underlying picture is that through tachyon con- 
densation D0-D2 system settle down to a D0-D2 bound state, with DO being 
dissolved into D2. Moreover, if one considers the gauge fluxes on D-brane, the 
story become more interesting. In D0-D2 system with magnetic field, in the 
zero-slop limit, there could exist an infinite tower of near massless states in 
the open string spectrum. On the other hand, the system could be studied in 
the framework of noncommutative gauge theory. In [10] , the authors showed 
that in D0-D2 system with large magnetic field the D-particle could be taken 
as the soliton in (2-1-1 )-dimensional noncommutative Yang-Mills theory. The 
large tower of near massless states corresponds to the fluctuations around 
the soliton solution. And due to the existence of the large magnetic field, 
the system is actually near-BPS, and the tachyon condensation could be very 
well studied, as shown in ^U\. Another interesting aspect is that there exist 
BPS configuration in Dp-Dq [p 7^ q) system if suitable constant background 
magnetic fluxes were turned on [TT| [T^. 

It would be interesting to see if there exist BPS conflguration in Dp-(anti)- 
Dq system with generic background fluxes. As the flrst step, in this paper, 
we will pay attention to the system with parallel Dl-brane and D3 (or D3)- 
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brane in flat spacetime background. We will turn on constant fluxes on them, 
including generic electric and magnetic fluxes. We will try to find the most 
general supersymmetric configurations by using the F matrix method[T3|[Ti]. 
We get the necessary conditions that the fluxes must satisfy. In two sim- 
plest setup, we obtain the sufficient condition directly. For more complicated 
cases, we try to attack the problem in another way. We find all possible 
supersymmetric configurations, which are related to the two simple cases via 
T-duality and Lorentz transformation. We also find that the supersymmetric 
configurations are equivalent to the systems studied in [5]. 

Besides looking for BPS configurations, there are other interesting issues 
to address in fluxed D1-D3 system. For generic flux setup, the system is 
nonsupersymmetric. The ffist step to investigate the nonsupersymmetric 
configurations is to do quantization of the open string between Dl and D3 (or 
D3). This is a quite difficult problem due to perplexing boundary conditions 
imposed at the ends of the open string. The excitations on the string could 
have non-integer (or non-half integer) or even complex modes. There could 
be tachyonic excitation and it would be interesting to study the tachyon 
condensation in the system. In the DO-Dp system with constant magnetic 
fields, it has been found that there could exist large number of near-massless 
states if one tune the fluxes carefully so that the system is near-BPS[T5l 
[TT] . For the cases in the paper, we will show that this phenomenon also 
happen. Another interesting issue is the open string pair production [TBI [T7] . 
This will happen when the open string between Dl and D3 (or D3) have 
complex modes. We will calculate the rate of string pair creation from one- 
loop vacuum amplitude of 1-3 strings. 

This paper is organized as follows. In section 2, we will introduce the 
system and work out the supersymmetric configurations. First, we use F 
matrix to discuss supersymmetry conditions. We find necessary conditions 
for general systems and sufficient conditions for some simplified model. After 
that, via T-duality and Lorentz transformation, we will finish supersymmetry 
discussions and obtain all possible supersymmetric configurations in fluxed 
D1-D3 (D3) system. Moreover, we will study the relation of fluxed D1-D3 
system with D-string at angles with relative motion. In section 3, we will 
do mode expansion and quantization of open strings stretched between Dl 
and D3 (or D3). In 3.1, we will calculate open string pair creation rate when 
there exist complex excitation modes. In section 3.2, We will determine GSO 
projection using in section 3.1. And we will study the open string spectrum 
when the system is near BPS. In section 4, we will give conclusions and 
discussions. In Appendix A, we will present how to get all the necessary 
supersymmetry conditions in section 2. In Appendix B and C, we will give 
details of T-dual discussions, mode expansions and quantization. 
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2 Supersymmetric configurations 



We would like to study the D1-D3 (D3)-brane system in flat spacetime 
background. Let Dl-brane lie along X^,X^ and D3 (or D3)-brane along 
■ ■ -X^. We will turn on all possible constant fluxes. On Dl-brane, there 
is only electric flux: 



'Dl 



1 f -E 
2na' \ E 



(2.1) 



On D3 (or D3)-brane, we can turn on three electric fluxes and three magnetic 
fluxes. But using rotational symmetry, we can let electric fluxes on D3 (or 
D3) be only in planes X^-X^ and X^-X"^ without losing generality: 



D3 (D3) 



27ra' 



/ -El -E2 \ 
El i?3 —B2 
E2 — -B3 Bi 

\ B2 -Bi J 



(2.2) 



The corresponding DBI action of Dl and D3 are respectiveljll] 



^1 



-det( 



1 - E^ 



(2.3) 



and 



^2 



-det(^ + F^3 („,;d3)) 



1-Ef- El + Bl + Bl + Bl - {EiBi + ^2^2)2 (2.4) 



In this paper, we do not discuss critical cases when ^i = or ^2 = 0, so we 
require that 

1 - > (2.5) 



I -El- El + Bl + Bl + Bl - {EiBi + ^2^2)' > (2.6) 



and 



According to [l3l|T4], the conditions for supersymmetry is that there exist 
nonzero e satisfying both 



T^'h = e. 



(2.7) 



"'^In the following part of this article, except somewhere in section 3, we will let 27ra' = 1. 
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where + is for D3, — is for D3, and T^^^ and T^"^^ are the Gamma matrices 
for Dl and D3 respectively 



r(2) 



v/l - Ef - El + Bj + Bl + Bl - {EiBi + ^2^2)^ 



X 



is: 

A" 



roi23 — EiBi — E2B2 

^roi23 + EiBi + E2B2 



with 



= —E1T23 + -E'2ri3 + -BiFoi + -B2ro2 + -Baros- 
Because IIB theory is chiral, e must also satisfy 



Tiie 



Fii 
Tn 



e = e. 



It would be convenient to let 



From (12.71) . we can deduce that 

[rw,r(2)]e = o, 

which leads to 



(2.9) 
(2.10) 

(2.11) 

(2.12) 
(2.13) 
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(£^£'ir23 + -E'2r03 ~ EE2T13 — EBiTqi + -B2ri2 — EB2TQ 

+BsT^s - EBsTo3 - 123 + {E^B, + ^2^2)101)6' = 0, (2.14) 



and 



{ — EE1T23 + -^21^03 + EE2T13 + EBiTqi + B2T12 + EB2T02 

+fi3ri3 + ^fi3ro3 + r23 - {E^B^ + E2B2)Toi)e" = 0. (2.15) 

In order to have nonzero solution to the equation fl2.13p . one of the equations 
fl2.14p . (12.151) must have nonzero solution. 
Let 

Ae' = (2.16) 
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denote the equation fl2.14p . If the equation 

A^e' = (2.17) 

do not have nonzero solutions, the equation (12.141) also do not have nonzero 
solutions. The equation f l2.17p gives 

= [-{EE, - If + {EB, - EiBi - E^B^f + {E^ - EB-^f - Bl 
-{EE2- B^f + E^Bl]e' 
+2[{EEi - l){-EBi + EiBi + E2B2) + ^2(^2 - EB^) 

-EB2{EE2-B3)]Toi23e'. (2.18) 

Because (roi23)^ = —I, so roi23 only have eigenvalues ±i. Thus the nec- 
essary condition for equation (12.181) to have nonzero solutions is the constant 
term and the coefficient of roi23 on its right hand side must be zero simulta- 
neously. This gives us two equations 

= -{EEi - If + (1 - E^){El - Bl - Bl) + {EB, - E^B, - ^2^2)', 
= {EEi - l){EBi - EiBi - E2B2) - (1 - E^)E2B2, (2.19) 

which should hold simultaneously. The similar analysis on the equation fl2.15p 
leads to the same conditions fl2.19p . If the conditions fl2.19p cannot be satis- 
fied by the fiuxes, the equations f l2.14l) .( !2T5l) have no nonzero solution, so the 
configurations can not be supersymmetric. In other words, the equations in 
(I2.19P are the necessary condition for supersymmetry. Moreover, the fiuxes 
must respect the inequities (12.51) . (12.61) . 

In Appendix A, we prove that (I2.19P only have two solutions which do 
not break (EH]) and (ES). 



One solution is 

-1<E = E,<1, B,^^^^^, 1<E',+El<l + Bl 




El){l-El-El + B 



The other solution is 

-l<E = Ei<l, Bi^ ^3 = 0, 



E2 = ±\l-El (2.21) 
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These two solutions are just the necessary conditions for super symmetric 
configurations. We will show that they are also sufficient conditions if we 
choose right sign for Bi — ^^^'^^ or Bi — • As the first step to prove 
the sufficiency, we will directly use F matrix method to study two simple 
cases. We will show that the general solutions fl2.20|2.2ip could be related to 
these two simple cases via T-duality and Lorentz transformation. In these 
two simple cases, we will let £" = -Ei = 0, and let i?2 = in the second case 
(lOTl) . Now the equation (l27[3l) is 



mil 

777-22 



e = 0. (2.221 



where 



mil = E2T03 + B2T12 + BsTis — T23 + E2B2T01, 

77722 = E2TQ3 + i?2ri2 + B^Trs + T23 — E2B2T01. (2.23) 

i) Case 1: E = Ei = 0, B3 ^ 0, other fiuxes satisfy 
In this case, one can multiply 

ri3 
ri3 

on the equation (12.221) and obtain 

Me = e, (2.24) 

where M is 

J_ / E2T01 + -821^23 + ri2 — -£^2-B2ro3 

-B3 V -E'2roi + -B2r23 — ri2 + E2B2T03, 



Since the equations 



imply that 



r^e = e. Me = 6 (2.25) 



the condition (12. 7p now is equivalent to (I2.25P with i?i > for D1-D3 
or i?i < for D1-D3 system. It is easy to check that 

M^ = I, TrM = 0, (2.27) 
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[M, r(^)] = 0, Tr(MrW) = 0, (2.28) 

and 

[M,fn] = 0, I¥(Mfn) =0. (2.29) 

From these properties, we can conclude that when the fluxes satisfy 
fl2.20p with E = El = 0, Bi > 0, D1-D3 system preserve 1/4 supersym- 
metries, and when the fluxes satisfy (12.201) and E = Ei = 0, Bi < 0, 
D1-D3 system preserve 1/4 supersymmetries. 

ii) Case 2: E = E^ = 0, B2 = 0, other fluxes satisfy (12:21]) 

In this case, B2 = B^ = 0, so the relation (12.131) is simplifled to 



-^21^03 + 

Let 

Taa 



0. (2.30) 



-r23 

multiply the equation (I2.30p . we obtain 

Ne = e. (2.31) 

where 

N = -E2(^'' ° 

' V -ro2 

Similarly, we also flnd that r*^^^e = e and A^e = e imply 

Similar to the matrix M above, satisfy 

= I, TtN = 0, (2.33) 

[N, r(^)] = 0, Tr(iVr(i)) = 0, (2.34) 

and 

[iV,fn] = 0, Tr(iVfn) =0. (2.35) 

Therefore, when the fluxes satisfy (12.211) and E = Ei = 0, B2 = 
0, Bi > 0, D1-D3 system preserve 1/4 supersymmetries, and when the 
fluxes satisfy fl2:2Tll and E = Ei = 0, B2 = 0, Bi < 0, D1-D3 system 
preserve 1/4 supersymmetries. 
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With the above detailed analysis of two simple supersymmetric configu- 
rations, let us turn to the general solutions fl2.20p and fl2.21|] . The key point 
is that since Ei = Ei both solutions could be related to the above two sim- 
ple cases via T-duality and Lorentz transformation. We leave the details of 
the transformation to Appendix B and just give the final result here. The 
Dl-D3(or D3) system with the fiuxes satisfying (12.201) is actually equivalent 
to Dl-D3(or D3) system without electric field on Dl worldvolume and 





( 





-E2 





\ 


1 








B3 


-B2 




27ra' 


E2 







Bi 








B2 


-A 





/ 



(2.36) 



on D3 worldvolume, with E2,Bi,B2 and B3, being given in ( IB. 91) . This is 
the same configuration we have discussed before. Besides the solution (12.201) . 
the extra requirement for supersymmetry is Bi — ^^^^'^ > for D1-D3 

or Bi — ^l^^i'^ < for D1-D3. Furthermore, since the electric field along 

direction vanishes, one can do one more T-duality along to get a 
D0-D2 system with fiuxes. And another T-duality leads to the equivalent 
supersymmetric intersecting Dl-Dl configurations with relative angle and 
motion. 

For the solutions (12.211) . the similar treatment shows that the solutions 
are also sufficient condition for supersymmetry provided that Bi — > 

for D1-D3 or Bi — < for D1-D3. Similarly the configurations could 
be related to fiuxed D0-D2 system and intersecting Dl-Dl at angle with 
relative motion. All the details on T-duality and equivalence with other 
configurations could be found in Appendix B. 
In summary, we have proved that 

• when the fiuxes satisfy (I2.20p and Bi — ^1^'^^ > 0, or when the fiuxes 
satisfy fl^:^ and Bi - ^ > 0, D1-D3 systems are supersymmetric. 

• when the fiuxes satisfy (I2.20p and Bi — ^^^'^^ < 0, or when the fiuxes 
satisfy fl^:^ and Bi - ^ < 0, D1-D3 systems are supersymmetric. 

• The supersymmetric D1-D3 configurations we have found keep one- 
quarter supersymmetries and are dual to the supersymmetric Dl-Dl 
systems studied in 
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3 Open String Quantization and Pair Cre- 
ation 



In this section, we will study generic nonsupersymmetric configurations. 
We will discuss the open string excitations between Dl and D3(or D3)-branes 
by doing quantization of the open string with boundary conditions, which 
are determined by the fluxes on the D-branes. The excitation modes could 
be real but not integer or half-integer, and even could also be complex. There 
are various interesting issues to address. We will mainly focus on the open 
string pair production and mass spectrum of near-BPS configurations. 

As usual, the boundary conditions at the ends of the open string decide 
the modes expansion. In our case, the boundary conditions at two ends are 
different. At cr = endpoint, we have boundary condition: 

= d^X'^ + EdrX\ 
= d^X^ + EdrX°, 
= 

= drX^. (3.1) 

While at a = 71 endpoint, we have 

= d^X° + EidrX^ + E2drX'^, 

= d,X^ + EidrX^ + B^drX'^ - B2drX\ 



= d^X^ + E2drX'^ - BsdrX^ + BidrX\ 

= d^X^ + B2drX^ - BidrX^. (3.2) 

Without losing generality, we let X^|o-=o = -^^|o-=o = 0. In 4, 5,--- ,9 
directions, the usual Dirichlet boundary conditions are imposed. We let the 
distance of two branes be y in direction. 

Now we do mode expansions for X^,X^,X^,X^ with ansatz 

= + B^a - C^T 



la: 



■r^( -ir{T-a) , -^r(r+(T)^ 



r=n+A 



r=n+A 



+ •••, (3.3) 
where " • • • " denote all possible other modes. 
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Imposing the boundary conditions fl3.ip . fl3.2p to (13. 3p . we have 

6° = Eal, 

aj = al = (3.4) 

and 

= (1 - EEi){l - e-*2-A)^o ^ _ ^^^^^ ^ e-'^^^)al 

= (E - Ei)(l + e-'2-^)a° + (1 - EEi)(l - e-'2-^)aJ 

-53(1 - e-^2-^)62 + ^2(1 - e-^2-A)^3^ 
= [-^2(1 + e-'^^^) + EBs{l - e-*2'^^)]a° + [^3(1 + e"^'"^) 

-EE2{1 - e-'2"^)]a^ + (1 + e-'^"^)^^ - 5i(l - e-*^-^)^^, 
= -^^2(1 - e-^2-^)a° - ^2(1 + e-'2-A)^i + 5^(1 _ e-^^-^)^^ 

+ (l + e-^2-^)63. (3.5) 

If some fields really have r modes , the coefficient matrix of (13.51) must have 
zero determinant. This help us to fix A from the equation 

{Bi - EEiBi - EE2B2)han^7iA 

+ [-l + Ei- Bl - Bl + {EiBi + ^2^2)' 

+E'^{-El - El + Bl + Bl + Bl) + 2EEi 

-2EBi{EiBi + E2B2)]tan^TiA 
-{E-Eif = Q (3.6) 

It is easy to check that when the fiuxes satisfy (I2.20p or (I2.2ip . there exist 
only integer modes. 

For simplicity, we let E = Ei and other fiuxes be free. This include the 
supersymmetric case, and also include many other nonsupersymmetric ones. 
Now the possible values for A are 

A = (3.7) 
which gives the integer modes, and also 

(tanvrA)^ = A, (3.8) 



where 



A = (1 - - El)il - El + Bl) + (1 - El)Bl (3.9) 
A = (1 - El)Bi - E1E2B2. (3.10) 
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If A > 0, there will be real fractional excitation modes. We will discuss this 
case in subsection 3.2. If A < 0, then A is pure imaginary. Let us discuss 
this case first. In this case, it is convenient to introduce a real parameter e, 



, , iarctanh^, (3^11) 

The sign of e is the same as the sign of A 7^ 0. 

The mode expansions of X'^ and its super-partner is quite involved. From 
them one can define the symplectic form to do quantization. After proper 
linear transformation, one can write the Hamiltonian in a canonical way. The 
details on the mode expansion and quantization could be found in Appendix 
C. 

The Hamiltonian of 1-3 string in 0, 1, 2, 3 directions is 

i^(o,i,2,3) = I lodcr {drX^drX, + d^X^d^X, 

+iij'id,^^+ - liP^d^^P^^). (3.12) 

Here yU. = 0, 1, 2, 3. 

Due to the existence of non-diagonal terms, the Hamiltonian looks messy 
in terms of the original independent modes. In terms of the transformed 
modes, we obtain 



-^^0,1,2,3 — Ho^mode + - C„C_„ + - dnd- 



2 

n n 

^^r4>~r ^^^^-r 
r r 

+ - + ie)Pr+ieP-r-ie + " - ie) Pr-ieP-r+ie- (3.13) 

r r 

In (I3.13p . HQ_mode comes from the zero- mode 

Ho-^ode - -f (1 - El - El){Clf + |(1 - El + Bl + Bl){Clf 

-ttE^B^C^C^, (3.14) 
and the (anti-)commutation relations between modes take the canonical form: 

[bn+ie,bm-ie] = ~{n + ie)6n-m- 

{0r-,0s} = Sr,^s, {^r,6} = ^r-s, {0r,6} = 0, 
{Pr+ie, Ps-ie} = ~Sr,-s- (3.15) 
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Written in normal order, the Hamiltonian is 



—mode ~l~ ^ ^ ^—n^n ~l~ ^ ^ d^^dn ^ ^ ^— n— ^n+i|e| 
n>0 n>0 7i>0 



- ^ &_„+i|e|&n-i|e| + ^ r(f)_r4>r + ^ ^^^-r^r 
n>0 r>0 r>0 

- ^(r + i\e\)P_r-i\e\Pr+i\e\ " ^('^ " « | e| 
r^O r>0 

+^0- (3.16) 
where Sq is the zero-point energy 

0, R sector 



^o-i^Mll NS sector'. ^^"^^^ 



4' 



Taking into account of the excitations along other directions and ghosts, 
the vacuum state in NS sector |0)Ar5 has energy 

where A was defined as ( 13.101) . 

The GSO projection is quite subtle in the cases with background fiuxes. 
There is spectral fiow when the fiuxes are varied [TTl [12]. In our case, when 
A < 0, the GSO projection on |0)Ar5 is different from the case when A > 0. 
From (lC.2p . (IC.Sp . we find that {i^ = 0,1,3) have different relations 

with f3r±i\e\ when the signs of A are different. Thus when A change its sign, 
the normal ordering in f l3.16p indicates that the orientation of D-brane has 
changed. As discussed in [TT], the eigenvalues of GSO projection operator 
on |0)Ar5 could be defined by the function ^^y^, where /(A) can only be 
±1, and must take opposite values when A changes sign. In D1-D3 systems, 
we will prove that 

/(A)^{-; ,3.«) 

in subsection 3.2. In D1-D3 systems, /(A) take opposite values to (13.190 . 
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3.1 Open String Pair Creation 

Now we can calculate 1-loop vacuum amplitude A for open strings be- 
tween Dl and D3 (or D3) branes: 



x[el{o\it)es{\e\t\it) + f{A)xel{o\it)e4{\e\t\it) 

-9l{0\it)92{\e\t\it)] , (3.20) 

where we restore the dependence on 27ra'. In the above relation, q = e~^'^*, 
6i{i'\T),i = 1,2,3,4 are theta functions, and ?7(r) is Dedekind eta function. 
The parameter A characterize the GSO projection, being 1 for D3 or —1 for 
D3. The (pfiux is a real algebraic function of fluxes, 

D 

= 647r4[Ei(l - El - El + Bl + 5|) - E^B^B^] ' ^^'^^^ 



where D is defined in (1C.3I) . The (pjiux comes from several sources. One part 
of it is from the integral of zero- modes, because Cg = — 2a'p^, yU = 0, 1. 
And we need to multiply factor on ^2 in for a noncommutative 

normalization. This normalization factor contributes to (pfiux- The other 
numerical factors to (ffiux come from orientation, integral measure and GSO 
projection. 

When there exist complex modes, there are open string pairs production. 
The creation rate u could be read from the 1-loop vacuum amplitude [ 



i 2A 

UJ = -2\m{-A) = -— (3.22) 

Since there exist poles in the integrand of ^ at t = j^(Z = 1,2, ■ ■■), the 
contour integration give us nonvanishing u. When A > 0, 

CO I I 2 1 

^fiux \- e 

«'2 4^ p 7712(^4^ 



1=1 " '/ ^"kl^ 

((-l)'-l)0|(O|i|^) D1-D3 , 

((-1)' - l)^|(0|z^) + ((-l)'V l)^|(0|z^) Dl - D3 . ^^-^^^ 

When A < 0, the conclusion is opposite. 

When |e| are very small, from the asymptotic behavior of 6 and 77 func- 
tions, we have 

((-1)' - l)e|{o\^^^ 

I-I ~ 16((-1)' - 1)(1 + 0(e-^)) (3.24) 

r/i2(2^) 
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and 



~ 2ef^(-l)'(l + 0(e~W)). (3.25) 

Therefore, we learn that when two branes are far away from each other, the 
contribution from / = 1 dominate. When two branes move to each other, the 
contribution from higher values / become more and more important. Since 
|e| ~ 0, for D1-D3 case with A > 0, the open string pair production is 
exponentially suppressed. This is consistent with the fact that the system 
is now near-BPS. On the other hand, for D1-D3 with D > 0, if y is finite, 
it may suppress the creation of open string pair production, while if y ~ 0, 
the pair creation is enhanced, especially for large /. This indicates that the 
system is far from being supersymmetric. 

3.2 GSO Projection and Near Massless States 

In this subsection, we will determine the GSO projection in NS sector, 
and prove (13.191) . We will also study the spectrum of open strings in the 
near-BPS case. This happens when the excitation modes are real and the 
fluxes are taken to be in a decoupling limit. 

In last subsection, we find that the eigenvalue of GSO projection operator 
on \0)ns is a function ^^^y^, in which /(A) can only be ±1. The value of 
/(A) depends on the sign of A, and take opposite values when A change sign. 
To determine GSO projection, we analyze e — > limit of one-loop amplitude 
A. From the definition of e, we know that D — > 0, so (pfiux — > at the zero 
e limit. However, at the same time 6'i(|e|t|«t) too. Using the definition 
of theta function, we get (for D1-D3) 

|A|l^2 

' "o 1287r4a'2[Ei(l - Ef - Ef + 5| + 5|) - ^a^i^a] 

X /°°^^^|^[^3(0Nt) + f{A)et{0\tt) - el{0\zt)] . (3.26) 

In section 2 and Appendix B, we have already obtained all supersymmetric 
conditions for D1-D3 systems with fluxes. These supersymmetric conditions 
are equivalent to 

D = , 

A > . (3.27) 
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In the supersymmetric case, one-loop amplitude must be zero. So lim^^o-^ 
must be zero when A > 0, D = 0. Recall that theta function satisfies Jacobi's 
'abstruse identity' 

el{o\it) - el{o\it) - el{o\tt) = o , (3.28) 

so /(A) must be —1 when A > 0. This is just (13.191) . Similarly, we can 
determine the GSO projection in D1-D3, which is just changing /(A) to 
-/(A). 

Let us discuss the case when E = Ei and D > Q. From (13.81) . we know 
that there are real fractional modes in this case. Let us introduce real pa- 
rameters 



D = VA, (3.29) 

and 

ID , , 

e = — arctan— . (3.30) 

We can obtain the mode expansions and relations of modes like (IC.ip . flU.4p . 
(]C.2[) and ( IC.Sj) . by replacing ie, D with e, —iD respectively. 
The one-loop amplitude A is now 



a'2 Vo t'^ri^(^t)ei{-i\i\t\it) 

x[el{Q\it)e^{-i\i\t\it) + f\N)\el{Q\it)ei{-i\i\t\it) 

-el{Q\it)e2{-i\e\t\it)] , (3.31) 



where 



D 

= 647r4[Ei(l - El - El + Bl + i?|) - E^B.B,] ' ^^'^^^ 

/(A) is defined as (I3.19P too. The function in the integrand of (I3.3ip now 
are pure imaginary and only have pole at t = on positive real axis. Thus 
there is no open string pair production in this case. 

In this case, it is meaningful to discuss the mass spectrum of open string 
between Dl and D3-brane. In D1-D3 systems, if we let y = 0, the ground 
state in NS sector has energy 

= y - ^ • (3.33) 
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When A > 0, the excited states l3_i±^\0) jys have energies — | and y respec- 
tively. Now under GSO projection, the ground state |0)Ar5' is projected out 
while P_ij.i\0)NS survive. When e is very small, these states become near 
massless. Other than this, the states f3'^i\0)Ns = I3'^X\0)ns, = 4, 5, ■ ■ ■ ,9 

2 2 

all have energies |, they are all near massless when e is very small. Further- 
more, one can act on these states with an arbitrary polynomial consisting of 
b-e with energy e. This action gives rise to a large number of near massless 
states. 

The configurations with e ~ are called near-BPS. This happens when 
Z) or A ^ oo. The solutions of Z) = are (CTIj) and (^M>, which 
are the supersymmetric conditions. It is expected that when D ^ there 
are many near massless states. On the other hand, the fact that the case 
with A — > cxD has many near massless states sounds strange. One way to 
understand this fact is to take a large Bi to get a large A. Effectively we can 
neglect other fluxes and simplify our system to D1-D3 with a large magnetic 
field Bi. For this simplified system, it has been known to be near-BPS and 
has many near-massless states[TT]. In this case, the magnetic field on D3 
may induce a large number Dl's so the system is near-BPS. In fact, one can 
understand this configuration from a dual description in matrix model [TO]. 

However, still for D1-D3 systems, when A < 0, the picture is very dif- 
ferent. Because now the ground state \0)]\fs survive GSO projection and the 
first excited states are all projected out, the tachyon is there though we take 
e — *• limit. Now the system is far from supersymmetry. 

For D1-D3 systems, the conclusions are opposite. When A < 0, there are 
many near massless states when e ^ 0. And when A > 0, there is no state 
become near massless when e ^ 0. 

4 Conclusions and Discussions 

In this paper, we studied D1-D3 (or D3) systems with constant fluxes 
in fiat spacetime. We worked out all configurations which keep one-quarter 
supersymmetries. The result were summarized at the end of section 2. The 
supersymmetric configurations are T-dual to the D0-D2 brane system, and 
dual to supersymmetric intersecting Dl-Dl with relative angle and motion, 
which has been studied in [5]. Furthermore, we investigated generic non- 
supersymmetric configurations by quantizing the open string between Dl 
and D3 (or D3). In general, the open string modes could be complex or real 
fractional, rather than integer or half-integer. When the modes are complex, 
we obtained the open string pair production rate from 1-loop amplitude. 



17 



When the modes are real, we discussed the open string mass spectrum and 
found that there could exist a large number of near massless states when the 
system is near-BPS. This is reminiscent of the same phenomenon discussed 
in[IIl[l2]. 

Our study of fluxed D1-D3 (or D3) system shows that turning on back- 
ground fluxes can recover the supersymmetries of a non-BPS system. Gener- 
ically speaking, it is quite difficult to decide if a system with fluxes is su- 
persymmetric or not, since the supersymmetry analysis is quite involved. In 
particular, when the dimensionality of D-brane gets large, the number of 
possible background fluxes are large so that it is not easy to work out all 
the supersymmetric configurations. It would be interesting to find a more 
effective way to solve the problem. 

From our study, it turned out that the GSO projection is quite subtle 
in the study of open string excitation, especially when there are background 
fluxes. We decide the GSO projection by taking the BPS limit. This would 
be a nice way to determine the GSO projection in more general setting. 

In the study of the open string spectrum, we noticed that there would 
be large number of light states if the system is near-BPS. One way to reach 
near-BPS configuration is to let the magnetic field in the codimendion be 
large. Effectively one can neglect other fluxes in the system and the system 
is reduced to the ones studied in [H]. This picture will be true for other 
systems. 

In this article, we do not discuss the case that the fluxes take the critical 
values. It was found in [18] that when the electric fleld take the critical value, 
one can deflne a novel string theory. This string theory is an interacting open 
string theory, in which the close strings decouple from the open ones. In our 
case, if we let E = Ei = 1, we are actually discussing the fluxed D3-branes 
in a noncommutative open string theory. Naively, from (13.81) . it seems that 
only integer bosonic modes can exist, which indicates that the conflgurations 
is supersymmetric no matter what kind of fluxes we turn on the D3-brane. 
There would be no open string pair production or tachyon condensation, as 
the case discussed in other non-BPS system with critical electric fleld[T9]. We 
look forward to a rigorous discussion about the critical fluxes in this system. 
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A Solutions of (E^S) 

Here we will analyze the possible solutions of fl2.19p . Firstly, the second 
equation of (12.191) can be factorized into 

{E -E,)[{EEi-l)Bi + EE2B2]=0. (A.l) 

One solution is E = Ei. If so, the first equation of (12.191) is 

- (1 - Elf + (1 - El){El - Bl - Bl) + ElBl = 0. (A.2) 

1. If 1 - El - El ^ 0, we obtain (12:201) . (Bi ^ come from (EBD) 

2. If 1 - El - El = 0, Eq.(lAj) now is 

(1 - El)Bl = 0. (A.3) 

Since we require I - El ^ 0, so B^ = 0. This is (^M)- (^i ^ ^ 
come from (12. 6p ) 

When E^ El, from f[01) . 

{EEi - l)Bi + EE2B2 = 0. (A.4) 

If EEi - 1 = 0, we must let = or ^2 = 0. If EEi - 1 = 0, = 0, 
the first equation of (I2.19P is 

- (1 - ^^){Bl + Bl) + {El - ^fBl = 0, (A.5) 

which require 

Bl + Bl = (El - l)Bl. (A.6) 

Then the left hand side of (EJ]) equal to l-El From ([231) and EEi -1 = 0, 
we know 1 — i?^ < 0, so (12.61) cannot be satisfied. To let -B2 = lead to the 
same conclusion. Therefore there is no solution when E Ei, EEi — 1 = 0. 
When E ^ El, EEi - 1 ^ 0, we deduce from flXil) that 

Bl = (A.7) 
1 - EEi ^ 



Because (I2.5p . (l2.6p . we obtain 

1-E^ > 0, 

El- Bl- Bl <1- El + Bl - {EiBi + ^2^2)^ (A. 
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So the right hand side of the first equation of fl2.19p satisfy 

-{EEi - If + (1 - E^){Ei - Bl - Bl) + {EBi - E^B^ - E^B^f 
< -{EEi - If + (1 - E^){1 - El + Bl - {EiBi + ^a^s)') 

+ {EBi — EiBi — E2B2Y 
= -{EEi - 1)2 + (1 - E^){1 - El) 

+ (1 - E^){Bl - {EiBi + ^252)') + {EBi - {EiBi + ^252))' 
= -{E - E^f + (5i - E{E^B^ + E2B2)f. (A.9) 

From (lA.7p . we obtain 

E{EiBi + E2B2)=Bi. (A. 10) 



-{E - Elf + [Bl - E{EiBi + ^2^2))' 

= -{E - Elf (A.ll) 

From (lA.gp and (lA.lip . we learn that the first equation of (12.191) can not be 
satisfied. So we prove that fl2.5l) . fl2.6l) are in contradiction with fl2.19p when 
E ^ Ei.EEi - 1 7^ 0. 

In summary, when E ^ Ei, f l2.19p have no solutions which do not break 
fl23D and (EE]). 

Therefore, the solutions fl2.20p and fl2.2ip are all possible solutions of 
fl^TTUj) which obey ([23]) and fl^ . 



B T-dual Discussions 



T-duality is a powerful technique for the study of D-branes. The differ- 
ent D-brane systems could be related to each other by T-duality. Shortly 
speaking, it exchange Neumann and Dirichlet boundary conditions [H [2] of 
open string. One nice property of T-duality is that it keeps supersymmetry. 

For a string ending on D-branes with fluxes, the boundary conditions is 

m 

G^^daX^ + iF^,dtX'' = Q. (B.l) 

For general Dl — D3 system with fluxes (12. ip and (12.20 . the boundary con- 
ditions of string ending on Dl are 

d,X^ + iEdtX^ = 0, 

d^X^ + lEdtX'^ = 0, (B.2) 
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and the boundary conditions of string ending on D3 are 

= + lEidtX^ + iE2dtX^, 

= d^X^ + iE^dtX^ + iB^dtX^ - iB2dtX\ 

= d^X"^ + iE2dtX'^ - iBsdtX^ + iBidtX^, 

= d^X^ + iB2dtX^ - iBidtX\ (B.3) 

Now let us do T-dual in X^ direction. The boundary conditions flB.2p 
and flR3l) are changed to 

= 9,(X°-EXi), 

= dt{X^ - EX^), (B.4) 

and 

= - EiX^) + zE2dtX\ 

= dt{X' - EiX^ - B^X^ + B2X''), 

= d„{X^ + ^3^^) + iE2dtX^ + iB^dtX\ 

= d„{X'^ - B2X^) - iBidtX^. (B.5) 

Let us first consider the solution f l2.20p . Defining 

Q, X° - EjX^ X^ - 

then we get the boundary conditions 

= 9.X°', = dtX'', (B.7) 



and 



where 



= + iE2dtX^, 

= -4X^ + 52X3), 

= d^{X^ + B3X'') + iE2dtX''' + iBidtX\ 

= - B2X^') - zBidtX^ (B.8) 



E-) „ E-\ EnB') 

-C/2 = = , 1ji = I5i — 7^ , 
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After doing T-duality on X^' , we come back to D1-D3 system but now with 
fluxes 



E = E, = 0, l<Ei<l + Bl B, ^ 0, Bl = ^ (B.IO) 

El - 1 

In section 2, we prove this system is supersymmetric if i?i > 0. Because T- 
duahty and Lorentz transformation do not change the number of supersym- 
metries, we conclude that with fluxes satisfy (12.201) and Bi — = -Bi > 0, 

the original D1-D3 system preserve \ super symmetry. 

Similar discussions can do for D1-D3 systems. We find that with fluxes 
constrained by fl2.20p and Bi — ^^^^^^ < 0, D1-D3 system preserve | super- 
symmetry. 

Furthermore for D1-D3, if we do rotation 



X'" = jX'' - BsX' + B^X'), 

i+m+Bi 



x"' = ^ m,x^'4-x^ 

'i + m 



El -I 



X^' = ^ — ^ {-B2X^' + fia^aX^ + (1 + Bl)X^) {B.ll] 

(IB.Sp become 



E2B3\/1 + BI 



= d.X^' + r^^d,X^' - 



^l + Bl \ll + Bl 

= d,X'" 



5 



En , Bi\El-l 



1 + Bl ^2^3 



= d^X' - r ^ r%X^ - dtX^ . (B.12) 

1 + Bl ^2^3 

The system now becomes static D0-D2 system with constant fluxes. One can 
do another T-duality in X'^ direction and change the system to intersecting 
Dl-Dl's with relative angle and motion. 
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In [5] , the D2-D2 system with generic fluxes has been studied. The super- 
symmetric configurations found there could be dual to two intersecting Dl's, 
which are moving relative to each other with angle. The supersymmetric 
condition is 

- e\{\ - - 01) + sin^ ^ = + 01 - 2/?i/52 cos^. (B.13) 

In this equation, is the electric fiux on the second Dl, Pi, P2 are normal 
speed of two Dls, 9 is the angle between two strings. 

In our case, after T-duality in direction, the system now is a Dl-Dl 
system with [7] 



sin^Es sin WE, 



Pi = 0, P2= I ei = 0, 62 



Bl vT^^/i^^ 



Bid El -I 



cote = '^^^ , (B.14) 

E2B^ 

where ci, 62, /32, ^ have the same meaning as the ones in ( 1B.13|) . It is easy 
to check that the above identifications ( IB. 141) satisfy the supersymmetric 
condition (IB.lSp . This confirms that our supersymmetric analysis is correct. 



For the solutions ([221]), let 

= ^° ~ , X^' = (B.15) 

the boundary conditions (1B.4P and (IB.Sp can be rewritten as 



= d^X^', = dtX^', (B.16) 



and 



= d^X^' ± idtX^, 
= d,{X'' ± ^X'), 

= d^X' ± + t{Bi - ^)d,x\ 

= d^{X' T ^X^') - ^{B, - ^)d,X\ (B.17) 

-C'2 ^2 

Similarly, we find that this system is T-dual to D1-D3 system with fiuxes 

i = = 0, A = 5i - B2 = 0, 53 = 0, 

-C/2 



E2 = ±^Jl-El. (B.18) 
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We know this system preserve ^ supersymmetry from section 2. Thus if the 
fluxes satisfy (I2.2ip and Bi — > 0, the original D1-D3 system preserve | 
supersymmetry. And with fluxes as fl2.2ip and Bi — < 0, D1-D3 system 
preserve \ supersymmetry. 

For D1-D3 systems, if we do rotation 



X'' = J""' . (B.19) 



(IRTT]) equal to 



= d^X''' ±idtX\ 
= d,X'", 

= d^X' ± ^^tX'' + ^^=={B, - ^)d,X^\ 

Bi ho 



1 + 



-'2 



= d^X^' - ^^={B, - ^)d,X\ (B.20) 

I B2 



This system becomes a D0-D2 system with fluxes. 

We now do another T-duality in X^ direction for the D0-D2 system 
mentioned above. The system becomes intersecting Dl-Dl system with 

1 E B 

Pi=(32 = 0, ei = 0, 62 = sine, cote = . ^ {Bi + -^). (B.21) 



^+B-i 



Br E2 



It is easy to see that flB.2ip satisfy the supersymmetric condition fIB.lSp . 
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C Mode expansion and quantization 

When A < 0, the mode expansion for X^,X'^, with all possible modes 



are 



n 



_|_ ^ ';^^^-in{T-u) _ g-m(T+<T)^ 



n 



fj, 



I- n -I- iV ^ 



n + te 

n+ie 



_|_ ''"n+ie / -i(n+ie)(r-g-) _ g-i(n+je)(T+o-) \ 

■id^ rj -I- 7V ^ 



n + 

n+ie 

2a 



_^ '-"-n-ie ,-i(n-it)(T-u) _^ g-i(n-ie){T+(7) ^ 



_^ '^n-te ^^-i(n-te)(r-(j) _ g-t(n-ie)(T+a)N (C.l) 

n — ie 

n—ie 

Not all the coefficients of these modes are nonzero or independent. From 
the boundary conditions (13.41) and (13.51) . we can find that there are following 
relations 

^2 _ 3 _ ^2 _ ^3 _ 2 _ 3 _ 2 _ 3 _ q 

tdO 771 /^l jdI TP /^O jd2 rp /^O JD r^l jd3 75 /^l 

6° = -Eia;^, bl = Eial, = ^20° - B-^al^, b^ = B2a\. 

bn±ie = -^l«n±ie) ^n±ie = -^l^n+ie 

„o _ ^2 \ _ (1 - Ef)B3 =F B2D ^2 



"n±ie ^_^2 n±ie, "n±ie (1 _ ^2) _ ^2 ^ ^2) n±ie, 
1,3 -^2-^3 i D 2 \ 



Here D is defined as 



D = . (C.3) 



And Xq, xj, Cg, Cq, a°, a^, are independent. We know D is real since 
A < 0. 
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The mode expansion for the fermions can be obtained similary. The 
possible mode expansions are 



T 

r+it r—ie 

= ^ a^f-e-''^("-") 

r 

+ J2 + Yl /5r,,e-'("-'^)("-'^). (C.4) 

r+ie r—ie 

The coefficients of these modes have the following relations 

(1 + + 2Eia^+ i_ (1 + Ef)al+ + 2EiaO+ 



^2+ _ _Q,2- 



1-Ef ' ^ 1 - 

1 - ^2 



0+ _ ,Ei{l — E^)B^^ E1B2D E2 .^2H 



^'•^'^ ^ (1 - (1 _ El + fi2) 1 _ El ^' 



r+iel 



^0- ^ , Ei{l - E^)BsT E1B2D _ E2 , 2+ 



r±je r^r+ie^ 

/33+ _ _^3- _ B2B^±D 2+ /(^ .X 

Priie ~ Priie ~ ^ _ £'2 _|_ j^^Pr+ie' l^-^J 



Here r is integer (for R sector) or half integer (for NS sector). Definition of 
D can be found in ( ]C.3I) . a^"*", a^^, are independent. 
The symplectic form is defined as 

n= da{5Ilx^A5X''-5n^^ASij''), (C.6) 
Jo 

where ip'^ = , tp'^') is world-sheet Majorana spinor, and 11x^,11^^ are 
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the conjugate momenta of X^, ijj'^ 

Ux, = il,.drX^ + - AW<5(a - vr)), = (C.7) 

Here 7*^ = ia"^ is a two-dimensional gamma matrix. , A^^^ are gauge 
potentials on D1,D3 brane, whose field strengths are (12. II) . (12.21) respectively. 

With the mode expansions (IC.ip and (lC.4p . we can calculate ^2 using 
(lC.6p . Because relations (lC.2p and (IC.Sp . we should write Q in independent 
variables at final result. After integration and some algebraic calculations, 
we obtain 

n = Ti{El + El - 1)5x1 A 5C^Q + 7r(l - El + + Bl)6xl A 6C^ 

WiEi{l - El - El + Bl + Bl) - E2BiB2)6C^ A 6C^ 
+ J2^-^il-El-El)6a:A6a^^ 

-Y.^-^^^-El + Bl + Bl)6alA5a\ 

+ V —E2B^5al A 6a\ 
^ n 

ESiri . E'l B\ . .,9 ^,9 

+ E "'(-1 + ^^i^f#0^)for A 

112 

From symplectic form Q, we can obtain Poisson bracket (here is Dirac 
bracket) through usual way. Then we can work out result of quantization 
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from Dirac bracket directly. They are 

.Ei{l — — E2 + B2 + -Bf) — E2B1B2 



[Xq, Xq] 



.EriBs 



r ^ot _ l-Ej + Bj + Bl 

r 1 ^11 _ El + El-1 

[Co°,Co] =0, 
r^ l-El + Bl + Bl 

r 1 ] _ J^El^X 



n + ie {l- Ef){l- El + 5, 



2^ 



-Si 



ro+ _ 1 {1 - EfY + {E,E2 - Bs)' + Bj 

t"r ' J ~ 27r 
.1+ _ 1 -{l-Efr + {E2-E,B,r + E!Bi 

l"r 5 27r 

r 0+ 1+1 1 {E2 - EiBs){EiE2 - -B3) + -^1-^2 r 

iQ^r ) J ~ 27,- /)2 Or,-s, 

r.2+ .2+1 1 {1 - Ef){l - Ef + Bl) 

{Pr+ie,Ps-ie} = Ks- {^-Q) 

As expectations, Xq and are noncommutative. A little trouble is that 
[a°,a?_J, {o-r'^,C(^} are nonzero. 'Non-diagonal' (anti-)commutator will ob- 
struct us to define Fock space. To resolve this problem, We transfer some 
modes. Linear transforms we will do for these modes can make 'Non-diagonal' 
commutator (anti-commutator) vanish. More over, as we have seen in section 
3, those linear transforms can transfer world-sheet Hamiltonian to an elegant 
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form. Details of our linear transforms are 



AttD'^ ^0 I / 47rD2_ 1 



2 1 



- ) 



d 



4nD^ _ / 47rD2_ 1 

^ ^(Ef+Ei-m-Ef+Bl+Bl)^ 



{l-El){l-El + B„ 

27rD2 " 0+ , / 27rD2 14. 

(l-i?l^)2 + (£;ii?2-B3)2+i?^ Y -(l-£;^)2 + (i?2-£;iS3)2+i?i2B^ 

2Q _ {E2~EiB-i){EiE2~B'i)+EiBl . 

^{{l~Elf+{ExE2-B3?+Bl)(-(l-ElY + {E2-E^B3Y+ElBl)' 



27r£)2 ^ 0+ _ / 27rD2 

(l-£;2)2+(£;i £2-53)2+^1 Y -(l-£;2)2+(£;2-£;iB3)2+£;2B| "r 

2Q I {E2-EiB3){EiE2~B-i)+EiBl n 

^ v/((l-i??)2 + (£;ii?2-S3)2+B|)(-(l-£;?)2 + (iJ2_iJiB3)2+£;2B2)^ 



After transforms fIC.lOp . new operator satisfy commute(anti-commute) 
relations 

[^n+ie! ^m-ie] = "('^ + ^c)^n,-m• 
{Pr+ie^ Ps-ie} = ~Sr,-s- (C-H) 



Cq should transfer like a^. But in this paper, the issue we concern undergo 
ile influx 
explicitly. 



little influence from transforms of Cq. So we do not write out their transforms 
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